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METHOD OF DETERMINING THE GEOGRAPHIC MERIDIAN
PLANE BY GROUND-BASED PENDULUM GYROCOMPASS IN
EXPONENTIAL ACCELERATION MODE OF ITS ROTOR

Ua 3anpornoHOBaHO METOJ] BU3HAYCHHS TONIOXKEHHS r'eorpa(bquorE) MepuiiaHa
TPUCTYIICHEBUM MAasSTHUKOBHM TipOKOMIIACOM B IMPOIIEC €KCIIOHEHIIIHHOTO PO3To-
Hy Horo potopa.OTpuMaHi1 aIrTOPUTMHU 1ICHTH(IKAIIIT TOYaTKOBOTO MOJIOKEHHS Bi-
Cl poTOpa, B OCHOBY SIKHUX IMOKJIAJICHI SIK BIACTUBOCTI PillleHb TUPEPEHIIHHUX PiB-
HSHb PyXy TipOKOMIMaca, Tak 1 came piBHSIHHS. PO3MISHYTI pe3ynbTaTd MOJAEIIO-
BaHHS BIJIMOBIJHUX aIrOpuTMiB 00poOKu 1H(opMmarii. [Tokazani nmepeBaru 3ampo-
IMOHOBAHOT METOJIUKH Y TTOPIBHSHHI 3 TPAIUIIHHUMH.

Rll [Ipemioxen MeTos ompeneseHusl MOJOKEHUSI TeorpapuiyecKoro MepuauaHa
TPEXCTENEHHBIM MAaATHUKOBBIM TMPOKOMIIACOM BO BPEMsI MPOLECCa SKCIIOHEHIIA-
JBHOTO pa3roHa ero poropa.llomydeHsl anropuTMbl WASHTU(UKAIIMN HAYATIBLHOTO
MIOJIOKEHUS OCU POTOPA, B OCHOBY KOTOPBIX IOJIOKEHBbI KaK CBOMCTBA PELICHUI
mudpepeHIMaTbHOTO YpaBHEHHUS IBM)KCHHS THPOKOMITIAaca, TaK U CaMO ypaBHEHHE.
PaccmoTtpens! pe3ynpTaThl MOJICTUPOBAHUS COOTBETCTBYIOUINX aITOPUTMOB 00pa-
060Tku uHGOPMAIMKU. YKa3aHbl IPEUMYIIECTBANPEIOKEHHON METOJIUKH 110 CPaB-
HEHHUIO C TPAJULMOHHBIMH.

Introduction

In carrying out geodetic, topographic, surveying work is an urgent issue of
quick and accurate determining of the geographic meridian plane. Having used
to solve the problem ground-based pendulum gyrocompasses (GPGC) are com-
posed of high-precision digital sensor of sensitive element (SE) azimuth posi-
tion, and as a method of determining the plane of the meridian it was used the
method of identifying the initial position of the main axis of the device [1] on
the results of the analysis of the sensible element motion in the case of rotation
of the rotor with a rated angular velocity. With this point of view, the rotor ac-
celeration mode required for bringing the device into operation, is a preparatory,
ballast condition, which lengthens the time of measurement significantly. Fur-
thermore, in the case of action of constant uncontrolled moment around a verti-
cal axis of SE, analysis of an azimuth motion by a constant value of rotor rota-
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tion speed allows to determine a position of so-called "apparent meridian”. This
position is displaced from the veritable meridian by an amount proportional to
the vertical uncontrolled moment.

In [2, 3] a method of determining the meridian in a condition, when the
rotor in a pulse way (for example, using the pyrocatridge) is accelerated to the
nominal angular velocity, and then being left to its own, naturally stops is con-
sidered. In [4] as a "regular"”, during which the SE is in a motion in azimuth, the
mode of linear increasing of rotor rotation speed is considered. Analysis of the
SE motion, which occurs by changing the rotor rotation speed, allows to deter-
mine the position of the meridian plane without an error caused by the presence
of vertical uncontrolled moment. This is explained by the fact that the "apparent
Meridian" changes its position at the time of measurement on the well-known
law, determines the change of rotor rotation speed.

Problem formulation

This article discusses the method of determination of the meridian by
GPGC, rotor speed of which increases exponentially during measurement. This
law mirrors the most accurately the process of natural acceleration of the rotor.

Main body

The system of equations of GPGC’s motion when it changes its rotor rota-
tion speed is given by:

Ha+ HU.B+mglp+ HU, =0
HB + HB — HU.a = M,,

where M, — permanent uncontrolled moment around the vertical axis of SE,
H = Iw — the kinetic moment of the gyroscope,
I — axial moment of inertia of the device, w —the angular velocity of its
rotation,
mgl — penduluming of the device;
U. and U,— horizontal and vertical components of the Earth's angular
velocity, respectively;
a and [3 — rotation angles of SEGPGC in azimuth and vertical plane.
From the system of equations (1) it is easy to obtain the equation of SE motion
at azimuthal coordinate. Given mgl > HU., it has the form:

1)

) ) mgl
Hé + 2Hd + mglU.o = —2HU, — M, Tg. 2)

Let the change of kinetic moment occurs according to the law:
H =Hy — (Hy — HO)B_M;
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where H, and H,, - the kinetic moment at the beginning and at the end of
acceleration;
A - attenuation rate of the exponential function.
Let us introduce the independent variable

z=(1—-HyH; e (z(0) = z, = 1—H,H,,;}").
Mark the derivatives of the unknown function on a new variable as
a' and o', write down the equation (2) as follows:

z2(z—1Da" +z(B3z—-1a’' — UmglA2H,'a =
=2U A1z + MymgIA—2H;2(1 — z)™L. (3)

Supposing [5]:
a=zVPU(z), (4)

where p = U.mgIA~2H,;t; i - the imaginary unit, write down the equation (3) in
the form of:

z(z—=DU" +[(2ip+3)z— (2i/p+ 1)U + (2i\/p —p)U =
= 2U A" 1z7WP + mgIA2H,2Myz"WP1(1 — 2) 71,
The homogeneous equation corresponding to (5) is an equation of hyper
geometric type (Gauss equation) and it has a solution [5]:
U(z) = C1U,(2) + CU,(2), (6)
where C;, C, - arbitrary constants,

U,(z) =F(a,b,c,z)and U,(z) =F(a—c+1,b—c+ 1,2 —c,z) — hyper
geometric functions with parameters:

a=i\/_; b=iJ/p+2;, c=2ip+1.
The particular solution found using the method of variation of arbitrary
constants, can be written as:

Up(2) = 2UA7 U1 (2)Q(2) — Ux(2)Q1(2)] +

()

7
+mglA~?Hy? Mo [U1 (2)R,(2) — U, (2)R,(2)], )
where
_ Uy (2)dz _ _ Uy, (2)dz
00 = | i i M@= | 5 ®

A(z) = (1—c)z (1 — z)c~a b1,

The general solution of equation (5) consists of the sum of the solution of
the homogeneous equation, represented in the form (6), and a particular solu-
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tion (7). The integration constants C; and C, are defined by the initial condi-
tions:

z=2zy U(zg) =Uy U'(20) =Uj. (9)

After simple transformations, the solution of equation (5) can be written
as

U (@) =Upd™(2,)| U 2V, () -V, @)U, (2) | -

_UOIA_l(Zo)[Uz(Zo)Ur(Z) _Ul(ZO)UB(Z)]+

+2U , A7 [Q,(2,, 2)U,(2) — Qu(2,, 2)U, (2) ] +

+ mg”\'_zHr;ZMo [Rz(zm 2)U,(z) - R (z,, Z)Uz(z)]
where Q; ,(2¢,z), Ry,(zo,z) —integrals of the form (8) with the limits of inte-
gration zyand z.

It is possible to identify from the expression (4) an analytical link be-
tween (9) and the initial conditions a(0) = a, and B(0) = B, of the system (1)

B , mglB, U _
m

Let us write the sought solution of equation (3) of SE motion on the azi-
muthal coordinate in the form:

a(2) = 0,250 ()| Uy (@)U,(2) ~ U, )V, (@) |+
+ 20,072 U, (2)Qu(20:2) ~U,(Q,(20:)] -

B i * 1 mgIBO +UB_aa X
Zy ) 2A(zy) | HAL-25) A O
x[U,(2,)U,(2) —U,(2,)U,(2)] +
mglz*

TPHE M, [U1(2)R,(2,,2) U, (2)Ri(2,,2) .

m

Given the fact that the digital sensor of azimuthal position measured quan-
tity is the angle (ax — «y), as well as the introduction the following designations
for the known functions of the parameter z.

z) 1 ' '
fl(z) = [Z_oj A(ZO) {|:U2 (ZO)Ul(Z) _Ul (Zo)Uz(Z):| +

+ Zg[Uz(zo)Ul(Z) _Ul(ZO)UZ(Z)]} _1’
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£,(2) = (@ —0) - 22 {2[U,(20Q,(2,2) - U, (20QU(202)] -
1 )
_M[UZ(ZO)Ul(Z)_Ul(ZO)UZ(Z)]}r
1@ == (2) S T W)U ()~ UG, ()
2 B zy) ZolA(zo) HnA(1 — zp) 2A0r 1Tz '
l a
f3(2) = e [U1(2)R;(20,2) — Uy(2)R, (20, 2)].

A2HZ,

Can be written as:f, = oy f; + Bofz + My f5.

Making changes at discrete moments of time, it is possible, using during
the processing of information, such as the method of least squares in its analytic
form, to find the best estimates &, B, M unknown.

Evaluationa,, provides unambiguous information about the location of the
geographic meridian plane. If the analytical solution equation of motion cannot
be represented by a linear combination of the unknowns, to find them you can
use an algorithm based on the properties of the actual differential equations of
gyrocompass’s motion [6]. The scheme for obtaining solutions in this case is
shown (Fig. 1).

According to (Fig. 1), resulting from the gyrocompass array of infor-
mation about the SE’s azimuthal motion in the rotor acceleration mode is com-
pared with the result of the integration of the differential equations of motion of
the device, produced for arbitrary but permissible in terms of the operation of
the unit, the initial conditions and perturbations. Then one computes the sum of
squared differences of readout a real device (a — «y),, and its computer mode
(a— ag), (so-called the sum of squares "misalignment™), reduced to one di-
mension, and exercise machine search for the minimum of this sum.
tion &, , corresponding to a minimum sum of squares "misalignment"” and it is
the "best" estimation of the initial position of the gyrocompass’s axis.

With computer simulation of algorithm, block "GYROCOMPASS"
(Fig. 1) has been replaced by a block of integration of the differential equa-
tion (2), to output of which random noise of a predetermined intensity ¢ was
added.

Computer simulation of the proposed algorithm of the meridian’s defini-
tion confirmed its efficiency. In Fig. 2 the dependence of error of estimating of
the initial position of axis of the gyrocompass’s rotor from the time of collection
of information for different values of the intensity of the "noise" measurement is
shown.
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Fig. 1. The scheme of calculating the "best" estimates &, initial
position of gyro rotor axis for exponential acceleration
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Fig. 2. The dependence of error of estimating of the initial position of
axis of the gyrocompass’s rotor from the observation time
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Conclusions

The article proposes a method of determining the position of geographic
meridian by threefold pendulum gyrocompass, based on the analysis of sensitive
element azimuthal motion in exponential acceleration mode of its rotor. The
scheme identifies the "best" estimation of the initial position of axis of the gyro-
compass’s rotor, which is based on the differential equations properties of the
device’s motion.

The proposed method can significantly reduce the time of determination
of the meridian, as the set of information is carried out at the stage of the rotor
acceleration.

In addition, the results of measurements do not adversely affect the avail-
ability of a constant vertical uncontrolled moment, because error caused by this
moment is variable over time in and varies according to the known law.

Further investigations that improve the changes of this method are possi-
ble in these directions:

1) Studying the sensitivity of the algorithm to the error input a priori data.
2) Compensation of other (except permanent) types of uncontrolled moments
that arise during use of the device.
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