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BENDING OF COMPOSITE SHELLS BASED ON NON-LINEAR
DISTRIBUTION OF DISPLACEMENTS ACROSS THE THICKNESS OF
FILLER

Ua VY poborti npejcTaBieHa METOUKA PO3PAXYHKY KOMIIO3UTHUX IIApyBaTUX
00OJIOHOK, SIKa 3aCHOBAaHA Ha BapialliiHO-CITKOBOMY MiX0Ji (hopMyBaHHS HEOO-
X1THUX (QYHKITIOHAJIIB 3 TIOJIAJIBIIIOK MIHIMIZAIIEK X METOJIOM MOKOOPAMHATHOTO
CITYCKY, SIKHH € MeTOJOM HeJiHiiHOro mporpamyBaHHs. [1oOynoBaHi aaroputmu
YHCEIbHOTO PO3paxXyHKY BIAPI3HAIOTHCS CTIMKICTIO 1 EKOHOMIUHICTIO 3 TOYKU 30pYy
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oOuuncIIOBAIBHUX pecypciB. Ha mpukiaail yucenbHOro eKCepuMeHTy Oyra qocii-
JDKEeHA 301KHICTh PIIICHb.

Rll B pabore mpencraBieHa METOIMKA pacyeTa KOMIO3UTHBIX CIOHUCTHIX 000-
JIOYEK, KOTOpasi OCHOBaHA HA BAPUAIIMOHHO-CETOYHOM IOAX0Je (OPMUPOBAHUS
HEOOXOIUMBIX (PYHKIITMOHAJIOB C TMOCIEAYIONICH MUHMUMH3aUEeH X METOJOM I10-
KOOPJMHATHOTO CITYCKa, KOTOPBIN SBJISIETCS METOJOM HEIUHEHHOTO MpOrpaMMu-
poBanus. IlocTpoeHHBIE AJITOPUTMBI YUCICHHOTO pacdyeTa OTINYAIOTCS YCTOMYH-
BOCTBIO M AKOHOMHUYHOCTBHIO C TOYKH 3PEHHsI BBIYMCIMUTENIBHBIX pecypcoB. Ha
MIpUMEpPE YUCIECHHOTO YKCIIEPUMEHTAa OblJIa UCCIIeI0BaHA CXOAMMOCTD PEIICHUH.

Introduction

The problem of reliability of thin-walled structural elements brings to the
fore the question of improving the accuracy of calculations. The fact is that the
elements of the composite materials have a number of features, which are in-
clude the distinctly expressed anisotropic deformation properties, low resistance
to transverse deformation and etc. Using the classical theory of shells is ignore
these factors, in some cases, it leads to significant errors in the calculations.
Therefore, a correct analysis of the problems of shell theory is requires the in-
volvement of refined theory of higher order. In building a refined theory of ap-
proaches is basing on the adoption of the hypotheses for each layer separately,
or a system of assumptions which were made for a package of layers in general.

Formulation of the problem

The layered shells that are made of high-strength composite materials
with different stacking layers are widely used in aviation technology as elements
of bearing aircraft surfaces as well as in many other industries. Thus, the perfec-
tion of calculations methods of the heterogeneous stratified constructions is an
actual task. Along with the methods of non-destructive control, fault detections
of constructions by means of vehicle methods, the numeral researches methods
are very actual and allow forecasting the possible destruction of construction.
Denotations are taken from the classic theory of shells [ 1].

Displacements of points in bearing layers of shell we‘ll present in a next
kind:

u® (o, 05,2) =Ug” (0, 0,) + 27017 (0, 01,)
v (o, 0,,2) = V(gn) (o, 0,) + Z(n)e(zn) (o, 0,) (1)
w (o, a,,2) =W (o, 00,), N=12

where 0" and 6{”,n=1,2 are the normal angles of rotation in the supporting
layers in planes o, = const, o, =const:
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1 oW ul”

0" (o, 0,) =—— - :
1 0y, Oy A oa, R, ,
1 aW(n) V(n) ( )
e(zn)(alaaz):__ —
A, oa, R,

ué”),vé”),wé”) ,N=1,2 - are the components of point’s displacements of the middle
bearing surface layers in the direction of the coordinate axes in the accepted sys-

tem of coordinates.
For a filler we are accept a nonlinear distribution of displacements

3
u™ (o, a5, 2) =u (o, 0,) + D U, (ay, 00,) 2"

m=1

3
v (ay,a,,2) = Vg (0, 01,) +Zvi (o, 0,) 2" (3)

m=1

3
w® (o, a,,2) =W (o, 0t,) + Zwi (o, a,)2"

The stresses in the load-bearing layers can bem rlepresented as [1]
{c"}=[G"Ke™}, n=12, (4)
where are {c"}={c{",c\", 1)’} - the components of the stress tensor;
{s(”)} = {sgm,sg”),ygg)} - are the components of the strain tensor;

(M @ M
gll g12 ng

[G™M]=| ... g% g [isthe matrix elastic coefficients.
05
For an isotropic material bearing layers we have
E
M _ g™ __ En
gll g22 1_ Vén)
EVv (5)
(M _ _=n"n (n) _ G(n)
ng 1_ Vﬁ 933

0% =95 =0
For the filler components as vectors {c®®}and {e®} we are presented
{o®}={u3 2,05},
=03 8 &5
According to Hooke's law:

{c”}=[G" K="}, (7)

(6)
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In the case of coincidence the axes of orthotropic with the coordinate lines
the matrix [G®] has a diagonal structure:

[G¥1=[9s. 0%, 951, (8)
where in for a homogeneous material thickness
0P =60 o =G ¢ =EP. ©

The potential energy of deformation of the sandwich plate is equal to the
sum of the potential energy of deformation of bearing layers and the filler:

1 13 (DT £ )
u=>a(v,v) = Ezl [, €Y {"3ar;, (10)
where are

{G(n)} {G(n) (n) (n)} {€(n)} {€(n) (n) )}n 12

X l y l’yXy

{3 = 5 oK eV =1 vy €7},

Methods of solution

To approximate the flexure of n-th thin carrier layer within each subregion
we‘re using the function [2]

W) = WL, WL, + L, + e L, + al L, +

(11)
(n)y2 (n)y 2 (n)y 2 (n)y 2 (n)
+al" L, +al L +a" L, +a{”LiL, + 2a"L L L,
where are
(n) _\pf(n) _ (n) (n) _ (n)
a =W bg(P1 CW;
(n) _ 5 _ (n) (n) (n)
a’ =W +b2 Cy;
a® =w" — W(n) +bol” + oyt
(n) _ yx/(M (n) (n) (n)
a W21 W bl(P Cl\V (12)

(n) _ \p)(M) (n) (n) (n)
a; =Wy —W bz(Ps CW;

(n) _ \p[(M n) (n) (n)
a” =wg"” —wi" +bef” +c

a = Z ™.
Here L;, 1 =1, 2, 3 - L - are the coordinates, determined by the ratio [3]:

1
L :Z(ai+bix+ciy)1 (13)



108
Mexanika 2ipocKonRiuYuHUX cuUCmeEM

where is

a=XY;— Y, X B=Y, =Y =X —X,. (14)

Displacements of the middle surface of the base of layers and the filler are
a linear polynomial

U =L UL, L 15)
Ver =" L+ v L, + vy L,.
3
Wr(1 ) :W1L1+W2|-2 +W3Ls-

Than the total potential energy of each triangle can be written in the local
coordinate system in the form of:

(16)

2 3
5(0,) = Zu(n) ZZ(Fx(in)Ui(n) FEDE 4 EOWD 1+ FORO + FOWO) (17)

5 (%)= (V):%(Kv,v)—(f,V);V,feR, (18)

where K- is a positive definite symmetric matrix of order N and f - is a vector

of a nodal external load with dimension N. Then the problem of determining the
stress-strain state of the structures can be represented as the minimization of a
quadratic functional

0 eR"> (d) = inf, > (V). (19)

Minimization of the functional was provided by the method of coordinate
descent [4] in which the vector of approximation is searched in the form

Ot =0+ A", i=1..,N, (20)
where € - is the unit vector in the direction v, A" - is the step. After substitut-

ing (20) in functional 2(v) and taking into account that 2(v*™")is a quadratic
function, we are obtain:

2
(—>k+1) Q(Gk)-i-}b:(ﬂ@—:;k-FlO\,:Hl)z a :2 .
8Ui 2 5‘0:(
Then in the transition to “k+17-st the functional approximation gets in-
crease

(21)

A 00, 1 . 829
AD =Y T 2 (2 Z kz . (22)
m=1 aU 6

From a physical point of view AD is a change of potential energy subdo-
mains that are surround the j node in which the component v gets the increase

L5 at the last regular displacements.
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The magnitude A" is determined from the conditions of maximum of

functional decrease
OAD

a}\’!(+l =
Then step is defined as follows:

0 (23)

ZM o9,
m=1 6\):(
ZM 029,
m=1 6U=<2
To evaluate the effectiveness of this method, it was solved to test a large
number of tasks. Some of them are shown in the tables 1, 2

k+1
7\4i+ =

Table 1.
The maximum deflection of a three-layered square plate.
Comparison the coordinate-wise descent method (MCD) with experi-
mental data: a= 0,56m; h;=h,=0,8*10° m; for D16-T: E,=E,=7*10* MPa;
11=1,=0,33; for PCV-1: ; hy= 1,9*10% m G,,=G,,=41,06 MPa,q=20,3 KPa.

*103 *1N3 %113
“{f.?fgeure? f WH’(Sm§0 A W(sml)O A Elr\rll)l[g]
40x40 | 08866 | 10,6 09012 | 93
60x60 | 00051 | 88 09191 | 7.4
80x80 | 09172 | 7.6 09302 | 63 0,993
100x100 | 09218 | 7.2 09358 | 58
150x150 | 0,9269 | 67 09389 | 56
Table 2.

The values of the maximum deflection of a three-layer shallow shell
with different grids

%105
o | [ et | et |,
MCD |MFEJ[5]
60x60 7,548 6,3
0,539 0,561 80x80 7,426 71 |46
100x100 | 7,328 3,2
60x60 3,535 7,1
0,509 0,373 80x80 3,466 3,3 (52
100x100 3,429 3,9




110
Mexanika 2ipocKonRiuYuHUX cuUCmeEM

Conclusions

An efficient and economical method of calculating the layered shell struc-
ture with a filler was proposed in this work. As opposed to the normal straight
line hypothesis, the nonlinear function was used for the displacement of the fill-
er. The procedure was based on the variational-grid approach of formation the
functional with further minimization it’s by the method of coordinate-wise de-
scent. This approach avoids the well-known difficulties associated with the for-
mation, storage and operation with the global stiffness matrices and allows to
solve tasks of large dimension with using only the PC random access memory.
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