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FREQUENCY CHARACTERISTIC OF A UNIFORMLY ROTATING
LASER GYRO IN EXACT AND POLYNOMIAL FORMS

Ua VY nedkux iHepLialbHUX HABIrAIIfHUX cHCTeMaxX KapycelbHOTO THIy JIa3epHi
TIpOCKONH MIPALOI0Th B PEKKMMI PIBHOMIPHOTO obepTaHHs. [ po3poOKu Takux
CHCTEM Ta KOMIT IOTEPHOTO MOJIETIOBaHHS iX POOOTH HEOOXIAHO MAaTH «TOYHHID»
(y mmpokoMy Jiama3oHi KyTOBUX MIBUAKOCTEH (2) aHANITHYHHIA BUpPA3 IS 4acTO-
TH OUTTS ®,,, = My (2) 3YCTPIYHHX €JIEKTPOMATHITHUX XBUJIb PIBHOMIPHO 00e¢-

proBoro mpuiany. Lleit Bupa3 moke OyTH OTpUMaHUI IUISIXOM PO3B’sS3aHHS IIH-
POKO B1JIOMOi CHUCTEMM JAWHAMIYHUX PIBHSHB JIA3EPHOTO TiPOCKOIA 3 TOYHICTIO 10
Jpyroro MOpsSAKYy MO HapaMeTpax JIIHIMHOTO 3B 3Ky 3YCTpIUHUX XBUJIb. OJHAK
nepes TUM, K BUKOPUCTOBYBATH Taki TIPOCKONHM y CKJIaJi BKa3aHOi iHepLialbHOT
CUCTEMH, — iX METPOJIOTIYHI mapamMeTpu (KyTOBI I[IHU IMIYJIbCY Ta 3MIIIEHHS HY-
JI51) MaloTh OyTH MoNepeHbO BigkaniOpoBaHi. st CHHTE3y METOJUKHU Takoi Kai-

YRIT LIKE «Apcenan»
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OpOBKM Ha MIBHIKO 00€pTOBiH Tuiardopmi OJHOBICHOTO CTEHIA Ta BiIMOBIIHOTO
aHami3y ii METOIMYHUX TTOXUOOK, — HEOOX1THO TaKOK MAaTH HAOJIM)KCHUN aHATITH-
YHUI BUpa3 JJI1 YaCTOTH OUTTS 3yCTPIYHUX XBWJIb JIA3€PHOTO Tipockoma y dhopmi

MoJIiHOMa
P -1 -2 -3 -4
Oper = Ky Q4+ Kipy + Ky Q7 + K Q7 + K5 Q7 + K, Q
3 xoedinientamu Ky, ..., K, KOTpi MicTATh y cOOi mapamMeTpu TOYHOrO BHpPasy

s Mgt SIK IOKa3ye aHami3 JITEPATypu, BiIOMHUH BHPa3 I ®,., Ta BIIOMI

CIIiBBiTHOIICHHS JUIA JIESIKUX 3 KOS(Ili€HTIB MOJIIHOMAa ®,, € HEIIOBHUMH i TOMY
MaroTh OyTH BIIKOPUTOBaHI. Y CTaTTI MPEICTAaBICHO PE3yJIbTAaT TAaKOTO KOPHUTY-
BaHH.

En In some inertial navigation systems of a carousel type, laser gyros operate in
regime of uniform rotation. For development of such systems and computer
simulation of their work, one needs to have the “exact” (in wide range of angular
velocities Q) analytical expression for counterpropagating waves beat frequency
O = Opene () OF UNiformly rotating device. This expression may be obtained by

solving the well-known system of laser gyro dynamic equations with accuracy to
second order in parameters of counterpropagating waves linear coupling. But
before use of such non-dithered laser gyros in the named inertial system, their
metrological parameters (scale factors and null shifts) must be preliminary
calibrated. For synthesis and qualitative analysis of methodical errors of the
procedure of such calibration on a quickly rotating platform of a single-axis stand,
one needs also to have the approximate analytical expression for
counterpropagating waves beat frequency in the form of polynomial

P -1 -2 -3 -4
Opey = K(l)Q + K(O) + KH) Q-+ K(fz) Q° + K(,S) Q”° + K(—4) Q

with coefficients K, ..., K, which involve parameters of the exact expression
for My, As analysis of the literature shows, the known expression for o, and

the known relations for some of coefficients of polynomial ®., are not complete

and, therefore, must be modified. In the paper, the result of such modification is
presented.

Introduction

Among the main types of laser gyros that are widely used in practice, one
can highlight a device on a base of a ring He— Ne gas laser (**Ne:?*Ne -1:1)
with a planar N -mirror (N =3, 4) resonator which provides radiation linearly
polarized in the sagittal plane. Pumping of the laser which operates, as a rule, at

wavelength A, = 0.6328x10° m, is realized by means of a constant discharge

current with use a symmetric scheme: one cathode — two anodes [1] — [5].
According to relations (6.45) — (6.47) from [6], the system of equations

describing the dynamics of dimensionless intensities |; (j =1 2) and phase

difference  of counterpropagating waves of such laser gyro (under condition
of equal currents in its discharge legs) may be presented in the form
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I.1 = (o — Bl — 01,1, — 2I’2(I1 |2)]/ZCOS(\I1 +€,),

I, = (o, — Bl, — 011, — 25,1, 1, 2cos(y — g,), (1)

’ 2 : 2 .
v=MQ+@p-1)(,-1,)+ rz(lz/ll)u sin(y +¢,) + rl(ll/lz)y sin(y —g,).
In deriving these equations it was taken into account that the electromagnetic
wave with j =1 propagates in the direction of the laser gyro rotation.

In system (1): o, B, 6, p, T are the Lamb coefficients which character-

ize the properties of the active medium; M = (1+ K,)M_ is the laser gyro scale

multiplier which is determined mainly by its geometrical component
M, =8nA/(A,L) (L — axis contour perimeter, A — area enclosed by axis con-
tour), but which takes into account also the properties of the active medium ([7])
by means of very small parameter Kk, (k,< 0, |K,| <<< 1); Q is the angular

velocity with which the laser gyro rotates in the inertial space; I'; and €; are the

modules and arguments of complex integral coefficients T exp{sj} of counter-

propagating waves linear coupling, characterizing their interaction through
backscattering, absorption, and transmission of radiation on the mirrors.

In some inertial navigation systems of a carousel type (see para-
graphs 3.7.5 and 3.8.7 in [5]), laser gyros operate in regime of uniform rotation.
They are mounted on a special platform which continuously, during each cycle,
performs n full revolutions in ccw-direction, and then n full revolutions in
cw-direction. For development of such systems and computer simulation of their
work, one needs to have the “exact” (in wide range of Q) analytical expression
for counterpropagating electromagnetic waves beat frequency o, of uniform-

ly rotating device. Such expression may be obtained as a result of solving sys-
tem (1) with accuracy to second order in parameters I'; of counterpropagating

waves linear coupling. If relation @y, = ®pe,(€2) is known, then the number of
information pulses AN, accumulated on the laser gyro output during time At,
can be found from the differential equation

dN K
E = iwbeat’ (2)

where dN/dt is the pulse repetition rate on the gyro output, and K; is the “fre-

quency multiplication coefficient” (as a rule, K; =1, 2, 4). In the literature,
equation (2) is called “frequency characteristic of a uniformly rotating laser gy-

ro”.
But before use of such laser gyros in the named inertial system, their met-

rological parameters (scale factors and null shifts) must be preliminary calibrat-
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ed (see item b of point 12.9.3.1 in [8]). For synthesis of the procedure of such
calibration on a quickly rotating platform of a single-axis stand, and correspond-
ing analysis of its methodical errors, — one needs also to have the approximate
analytical expression for counterpropagating waves beat frequency in asymptot-
ic limit of high values of Q. This relation may be taken in the form of polyno-
mial

O = Kiy @+ K + Ky Q7 + K5 Q7 + K5 Q7 + K 3)

with coefficients K(l), K(_4) which involve parameters of the exact expres-
sion for oy,

Results of analysis of the literature

Known exact expression for o,

As analysis of the literature shows, the known expression for o, (calcu-
lated on the base of system (1) to second order in parameters I; of counterprop-
agating waves linear coupling) has the form
o5 L@+4THe]

Oka
20°  2(0l + o)

Wpeat = Og + [1 -

1 1 o, (o, + o)
+D(rf —-rH{-= + R
(2 1){ 2 aﬁ]_i_(DZ 2((1%4_0\)2)] (4)
2 o2 o 0.0l — ®
o 22T2 OLmz [1+ : pzm 2 ]}(’)
o (o, + ©°) Oy O + O

The first term in the right-hand side of (4) is well-known (see, for exam-
ple, [1, 6, 9,[10]). The second term is known from [10] (see formulas (6.31),
(6.32), (6.7) therein). And the third term is known from [11] (see expression
(23) therein).

As one can see, the second and the third terms in (4) describe only the re-
versible (with respect to ) components of ®,,,.. There are not the nonreversi-
ble ones in (4).

NOTE: In the literature, in works [11, 12, 13], in addition to (4), there are
correspondingly three qualitatively different versions of expressions for the non-
reversible components of .. It is important to note that these relations are

obtained with accuracy to the fourth order in parameters [;. Their common fea-

ture is that they are proportional to the combination (r7 — )1, r,Sing,, which
describes the influence of the factor of asymmetry (1, # r,) of counterpropagat-
ing waves linear coupling. As it will be shown below, such factor is less signifi-
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cant than another one — the factor of inequality (o, # a,) of counterpropagating

waves amplification due to nonreciprocal resonator losses. This more important

factor will manifest itself already to second order in parameters I;.

In (4), the following notations are used:

-~ o=MQ is the laser gyro counterpropagating waves frequencies splitting
caused by its rotation in the inertial space with angular velocity Q (in ideal
device @, = 0=MQ);

- g, =¢ +¢, is the sum of arguments of complex integral coefficients
I, exp{e j} of counterpropagating waves linear coupling;

— 1= (6" + 17 +215r,0088,)"? and 1, = (17 + 17 - 21,1,C08¢,,)" are the com-
binations of modules and arguments of these coefficients;

- ay=0a= (1/2) (0, + a,) is the inverse relaxation time of the sum of coun-
terpropagating waves intensities;

— oy =0o,(-h)/(L+h) is the inverse relaxation time of the difference of

counterpropagating waves intensities. Here h = 0/ is the dimensionless pa-
rameter which depends linearly on the He — Ne mixture total pressure;

- D=@/2)a; (o, — a,) is the small dimensionless parameter which charac-
terizes the degree of inequality of counterpropagating waves amplification
caused by difference of the laser gyro resonator losses. In ideal device, the
losses for both waves are equal, and D =0;

— T=(p-1)/(B-0) is the small dimensionless parameter which characteriz-

es the degree of laser gyro resonator frequency detuning from the center of
the active medium emission line. This detuning is caused by a small (with

respect to A, ) systematic error AL of the perimeter control extremum sys-
tem (its periodical search steps are not considered). In ideal case of accurate
laser gyro resonator frequency tuning to the line center, AL=0, p=1=0,

and T =0;
— oy =—2T Da, =-T (o, — a,) is the so-called “null shift” of the laser gyro

frequency characteristic. In other words, it is the counterpropagating waves
frequencies splitting (even when Q = 0) caused by a multiplicative interac-

tion of the factor of unequal waves amplification and the factor of resonator
frequency detuning. If quantity o, is known, then the laser gyro null shift

Q,, which has dimension of angular velocity, may be calculated as
Q, =0y/M;

— oy =(r2 + 8T nr,sing, + 4T?r2)" is the parameter which has dimen-
sion of angular frequency and characterizes the halfwidth of synchronization
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zone of the laser gyro counterpropagating waves frequencies in approxima-
tion D =0. If quantity o, is known, then the laser gyro synchronization

zone halfwidth QS(O), which has dimension of angular velocity, may be cal-
culated in such approximation as QS(O) = cos(o)/l\/l :
NOTE: In the case D =T =0, expression (4) has the form
Opeqe = {1 - 17/ (20%) + 17 /[2(07, + ©*)[}o which is confirmed theoretically
and experimentally in [14].
Known expressions for coefficients of polynomial oab'zat

As analysis of the literature shows, the known relations for coefficients
K s K of polynomial a)biat (calculated on the base of system (1) to se-

cond order in parameters ;) have the following forms:
Coefficients Ky and K g). As it follows directly from (4),

Ky =M, (5)
and, in accordance, for example, with [1], [6], [9], [10],
K(0):(’00’ O)0:_1-(0(2_0'1)1 T=(p—r)/([3—9) (6)

Coefficients Ky and K 3. According to [9], [10], [15]-[17],
Ky =—2115,(cosg,+ 2Tsing,) /M, (7)
and, in accordance with [17],
Kig=—-/2)A+4T*)orr IM®, (8)

Coefficients K(_Z) and K(_4). In the literature, there are not yet expres-

sions for these coefficients calculated to second order in parameters I;. So the

corresponding relations for these quantities must be found.
NOTE: In the literature ([11], [12], [13]), there are qualitatively different
expressions for these coefficients, but calculated to the fourth order in parame-

ters ;. Their common feature is that they are proportional to the combination

(r; — r°)r r,sing;, which describes the influence of the factor of asymmetry (
I, # I,) of counterpropagating waves linear coupling.
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Principal goals of this paper

As analysis of the literature shows, the known exact expression (4) for
counterpropagating waves beat frequency o,.,; and the known relation (8) for

coefficient K(_3) of polynomial c)bpeat are not complete: they do not reflect ful-

ly the influence of the factor of inequality (o, # a,) of counterpropagating
waves amplification due to nonreciprocal resonator losses. Moreover, the sought
for (to second order in parameters ;) expressions for coefficients K(—z) and

K(_4) of a)biat are still unknown. So the principal goals of this paper are: 1) to
propose the modified exact expression for ,,,; 2) to confirm the known rela-
tions for coefficients Ky, K, and K _;, of polynomial mp,; 3) to present
the modified expression for coefficient K(_g); 4) to find the sought for relations

for coefficients K, and K.

Modified exact expression for o,

According to the author’s report [18], the modified exact expression for
Opeqt May be written in the form

0y a,+4T )r2

Opeac = @0 +[1- 20 2(a + ©%) o
1 1 o, (o, +o,)
+ D} —rH{-= + 1+ P T
(r7 ol ®° oc§1+032[ 2(ocf)+032)
2T20cﬁq o O, 0L, —®
— 1+ PP M o+
% (arzn + (Dz)[ Oy ocf) + I¥ 9)
2
) oL, 0L, —®
+(L+4T%) (o, — o) K 1, SiNg, p_—m

2(0(% + 0% (0 + o)
2 2 2
+a%[5@ + (L+ 4T2)r? 1.
2 w° 2 (a2 o + ® 2)
Expression (9) is derived on the base of system (1) with the help of the
procedure which is generalization (for the case T # 0) of the method of succes-
sive approximations developed earlier by the author in [19] for the case T=0.

The first, the second, and the third terms in (9) confirm the known expres-
sion (4) for ,,,;. But the fourth and the fifth terms in (9) are substantially new.
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They describe two nonreversible with respect to & components of ,,,, caused

by the factor of inequality of counterpropagating waves amplification due to
nonreciprocal resonator losses.
Expression (9) may be wused in the range [Q<-(3Q +Q);

Q>+(3Q, —Q,)], where Q, =w,/M,and
Q, =[r2 +8Trr,sine, +4T%r2 +2D(r7 - 7)1+ 4T2)*2 /M (10)

is the laser gyro synchronization zone halfwidth calculated for general case
D=0.

Expression (9) is valid, if the condition of weakness of counterpropagat-
ing waves linear coupling is fulfilled. It implies that for all given possible values

of laser gyro total discharge current, the values of ratios T, / o, and I, /o, must

be much less than unity. In modern devices, operating with sufficiently high lev-
el of pumping (see paragraph 3.3.2 in [5]), the named condition, as a rule, is sat-
isfied.

NOTE: For the laser gyro (with a four-mirror square resonator) operating
at total pressures of the He — Ne mixture from 1 to 5-6 Torr, a set of engineer

formulas for calculation of the parameters o, B, 0, p, 1, K,,and [, €;
(case r, =1, =r, & =¢, =¢) of system (1) is proposed in [20]. A set of rela-
tions for estimating the parameters I;, €; of such laser gyro for general case (
n#r,, € #¢,) is presented in [21]. Formulas for simulating the dynamics of
the parameters I}, €; during the device operation in the self-heating regime are
proposed in [22].

Modified expressions for coefficients of polynomial a)bpeat

The modified expressions for coefficients K(l), K(_4) of polynomial

Myes May be obtained on the base of relation (9) for ®peqt With the help of the
following approximate formulas (which are valid for \co\ >> 0y, Opy):
F =o0/(0} +0’)~1l/o-ad /e’
F, =l/[o(a + o)] =1/’
F, =1/(af + 0°) x 1o - o’ /o’
F, =0’ /(o + o°) = 1—a’ /o’ + oy /o
R =1/(a} + 0°)° =1/,

F, =0’ /(af + ©°)* = 1/o* - 202 o,

(11)
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F = co/[(ocf) + o) (0 + 0°)] =1/,

F :1/[03(0cf) + mz)(a% + )] =0,
F :1/[(ocf) +0°) (0 + 02)] =1/ o,
Fo = mzl[(ai + o) (0l + 0)] x1/ e’ - (ocfJ +al) o

Taking into account ® = M Q, after substituting (11) into (9), and collect-
ing the corresponding terms, we obtain ([23]):

Ko =M, (12)
Koy =0, @ =-T(o, —0y), T=(p-1)/(B-9), (13)
Ky =—2115,(cosg,+ 2Tsing,) /M, (14)

Kig=-1/2)1+ ATH)[alr2—

- W2)(@, -~ @) (@, - a) (F = /M7, =
Ky ={wg[21 1, (Cose+ 2T sin g, )] -

(U2 A+4T2) (0, - o) sineH M2, (19
Ky =@/12)[1+4T*) [0, Bap )+ -

+ (Oti + o + oy Oy ) (0t = 04y) 1 1, SN e,]IMY.

These relations are valid for \Q\ >> Q, Q, , where Q,, = a,/M,
Q, =a,/M,

OUm
As one can see, expressions (12)—(14) and (5)—(7) for coefficients K(l),
K(O), K(_l) of polynomial o)bpeat do not differ: they are identical. Expression (15)
for coefficient K 3 only generalizes the known relation (8) for general case
o, # o, . But expressions (16), (17) for coefficients K(_z), K(_4) are substantial-
ly new. According to (16), (17), and relation o, =—T (a, — ) in (13), coeffi-
cients K(_,) and K4 depend on difference Aa. = a, — o, caused by the factor

of inequality of counterpropagating waves amplification due to nonreciprocal
resonator losses.
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Conclusion

In the paper, as a result of solving the well-known system (1) of laser gy-
ro dynamic equations with accuracy to second order in parameters I; of coun-

terpropagating waves linear coupling, — the modified exact (in wide range of Q)
analytical expression for counterpropagating waves beat frequency ,,; of uni-
formly rotating device is proposed. This expression has form (9). The first term
in (9) is known from the literature, and describes the null shift of laser gyro fre-
quency characteristic. The second and the third terms in (9) are also known from
the literature, and describe two reversible with respect to Q components of ®,
. But the fourth and the fifth terms in (9) are new, and describe two nonreversi-
ble components of ®,,,, Which are caused by the factor of inequality (o, # a,)
of counterpropagating waves amplification due to nonreciprocal resonator loss-
es.

Besides that, in the paper, on the base of use of exact expression (9) for
Opeq; and auxiliary formulas (11), — the known from the literature relations (12),

(13), (14) for coefficients K(l), K(O), K(_l) of the polynomial model (3) of
counterpropagating waves beat frequency are confirmed, the modified expres-
sion (15) for coefficient K(_g) is presented, and the sought for relations (16),

(17) for coefficients K5, K4 are found. Relations (16), (17) are new, and

describe the manifestation of the above-mentioned factor of inequality of coun-
terpropagating waves amplification.
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