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VY crarTi, B TIHIHHOMY BIJIHOCHO KYTOBOT IIBUKOCTI HaOIM>KCHHI, PO3IVISTHYTO
nBi 6a30Bi HIMPOKO BiJIOMI CUCTEMH PiBHSIHb MakcBena B piBHOMIPHO 00epTOBiit
cucteMi Bitiky. Ilepiry cucreMmy piBHSHB Oyio Brepiie oTpumano B mpart [L. .
Schiff, Proc. Natl. Acad. Sci. USA 25, 391 (1939)] Ha OCHOBi BUKOpPUCTaHHS
dbopManiaMy 3aranbHOi Teopii BIAHOCHOCTI, Jpyry cucreMy — B mpami [W. M.
Irvine, Physica 30, 1160 (1964)] Ha OCHOBI BHMKOPHUCTAaHHS METOIY
OpPTOHOPMAJILHUX TETpaj B IIiil Teopii. Y cTarTi, B HAOIMKEHH] IUIOCKUX XBHIIb, 11
JIBI BEKTOPHI CHCTEMH PIiBHSHb MakcBesa CIpOIICHO 1 3alMCaH0 B IWTIHIPHIHUX
KOOpJIMHATaX B KOMIIOHEHTHiM (opMi 3 METOH 3HAaWTH 3aKOHU MOIIUPEHHS
MOTIEPEYHNX KOMIIOHEHTIB €JIEKTPOMArHiTHUX XBWJIb B KPYIJIOMY pPE30HATOPI
JIa3epHOro TipocKoIma y pas3i Horo o0epTaHHs BIAHOCHO oci yyTiuBocTi. Ha ocHOBI
UX JIBOX CHpPOIIEHUX CHUCTEM pIiBHSAHH MakcBela OTpPHMaHO IIUPOKO Bigome
XBUJILOBE PIBHSHHSI Ta MOTO AHAIITUYHI PO3B’S3KU JUISI BKA3aHUX MOINEPEYHHX
KOMITOHCHTIB XBHJIb. B pe3ynbTari MiJICTAHOBKU ITUX PO3B’S3KIB B IMEpIIy Ta B
JApyry CIPOIICHI CHCTEMH pIiBHSHb MakcBena BCTaHOBIICHO, IO BOHH
3aJJOBOJIbHSIOTH TUTBKW JAPYTii 13 HUX. Ha 11iif migcrasi 3po0iieHO0 BUCHOBOK TIPO
Te, 1110 Jpyra CUCTeMa piBHSIHb MakcBena OUIbII MiAXOAUTH IS 3aCTOCYBaHHS B
Teopii Ja3epHOro TipOCKOMNa, HIXk Meplia CucTema.

B craree, B JHMHEHHOM OTHOCHUTENBHO YIJIOBOW CKOPOCTH MPUOIMKEHUH,
paccMOTpeHbI J1Be 0a30BbIe IIMPOKO U3BECTHBIE CUCTEMBI ypaBHEHUH MakcBeiia B
pPaBHOMEpPHO Bpallarolieiics cucreme orcuera. Ilepas cuctema ypaBHeHUH Oblia
BHepBbie mojiydeHa B padore [L. |. Schiff, Proc. Natl. Acad. Sci. USA 25, 391
(1939)] Ha ocHoBe ucnonb3oBaHus Gpopmanuzma oOIIel TEOPUN OTHOCUTEIBHOCTH,
BTOpast cuctema — B padore [W. M. Irvine, Physica 30, 1160 (1964)] na ocHoBe
UCIIOJb30BAHUS METOJAa OPTOHOPMAJBbHBIX TETpaj B ITOM Teopuu. B crarthe, B
MPUOIMKEHUHN TIJIOCKUX BOJIH, 3TH JIB€ BEKTOPHBIE CUCTEMbI ypaBHeHUH Makcseiia
YIIPOILEHBI U 3alKCaHbl B HWIMHAPHUECKUX KOOPIMHATaX B KOMIIOHEHTHOU (opme
C LENbl0 HaWTH 3aKOHBl  pAacCIpPOCTPAHEHUs] IONEPEYHBIX KOMIIOHEHTOB
JIEKTPOMArHUTHBIX BOJIH B KPYIVIOM PE30HATOPE JIa3€pHOIO TMPOCKOMNA B Clydae
€ro BpallleHUS OTHOCUTEIbHO OCH YyBCTBUTEIBHOCTH. Ha oOCHOBe 3TuX ABYX
YIPOUIECHHBIX CHCTEM YpaBHEHHMH MakcBemia IOJy4eHO IIHUPOKO M3BECTHOE
BOJIHOBOE€ YPaBHEHME U €T0 aHAIUTUYECKUE PELICHUS ISl YKa3aHHBIX MOMEPEYHbIX
KOMIIOHEHTOB BOJIH. B pe3ynbrare MOACTaHOBKM 3THUX PEIIEHUN B NEPBYIO U BO
BTOPYIO YIPOIIEHHbIE CHUCTEMbl ypaBHEHHH MakcBeiula YCTaHOBIJIEHO, YTO OHH
YIOBJIETBOPSIIOT TOJIBKO BTOPOM M3 HUX. Ha 3TOM OCHOBaHMM CENaH BBIBOJ O TOM,
YTO BTOpasi cucTeMa ypaBHeHUH MakcBesia OoJbIle MOAXOIUT Uil IPUMEHEHUS B
TEOPHH JIA3EpPHOT0 TMPOCKOIIa, YEM IIEpBasi CUCTEMA.
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Introduction

The theory of ring laser gyro begins, as a rule, with a chapter devoted to
an analysis of propagation of electromagnetic waves in its resonator. In order to
perform such analysis, one needs to have the system of Maxwell’s equations and
corresponding system of wave equations for electromagnetic field vectors E
and B in a frame of reference which uniformly rotates in an inertial space with

angular velocity Q (Q = ‘Q‘) Since the module v of vector V = QxTF of a

tangential velocity of a rotating laser gyro is much smaller than the speed of
light, it is sufficient for these systems to be linear in v or, equivalently, in Q.
As an analysis of the literature shows, there are mainly two basic linear in

Q) systems of Maxwell’s equations for vectors E and B which are written in a
uniformly rotating frame of reference. Both systems are based on the Galilean
description of rotation: t=1t° z=12", x=x%cosQt®+ y°sinQt°,

y =—x%sinQt? + y®cosQt® (superscript ‘0 refers to the inertial frame).

In the case of vacuum, and in the absence of free charges and currents, the
first system (first obtained in work [1] on the base of use of the formalism of the
theory of general relativity) has the following form (we keep the terms only up
to first order in Q):

VxE +

1 1)
C2

Vx(B - = VxE) —iz (E-VxB)=0,
C
V-(E -VxB) =0,
and the second one (first derived in work [2] on the base of use of the method of
orthonormal tetrad in this theory) is:

VxE+ (B + LuxE) =0,
ot C
.o~ 1 -
V-(B+=VxE)=0,
c (2)
_ - 10 - -
VxB -——(E-VxB)=0,
CZat( )
V-(E-VxB)=0

Systems (1) and (2) contain only two electromagnetic field vectors E and
B . They are written here in the SI units. Systems (1) and (2), expressed in an-
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other units and containing, besides vectors E and B, two more electromagnetic

field vectors D and H (which must be excluded), may be found, for example,
in subsequent works [3-24] and [25-27], respectively. Both systems and simple
methods of their derivation are discussed in works [26, 28].

In systems (1) and (2), all the quantities are specified by the formulas

V =%(0/0x) + §(81dy) + 2(8/62),
E=E,X+E,y+E, 2, B=B,f+B,y+B,2,

—

Q=0Q,X+Q, y+Q,2, T=xX+yy+1z2Z,
V=QxF=v,X+Vv,y+V,Z,
Vy=Q,z2-Qy, v, =Q,x-Q,z, v,=Q,y-Q X,
Here %, ¥, and 2 are the unit vectors which form an orthogonal coordi-
nate basis {92} of a rotating frame; E,, E,, and E, and B,, B, and B, are

the components of vectors E and B in this basis; Q is the vector of angular
velocity with which basis {X§2} rotates in the inertial frame; Q,, €, and

—

Q, are the components of vector Q; T is the radius-vector of the given obser-

vation point in basis {89 2}; X, vy, and z are the components of vector 7 ; V is
the vector of a linear tangential velocity of the observation point calculated in
the inertial frame; v,,V,, and v, are the components of vector V .

As we can see, the above two systems of Maxwell’s equations (1) and (2)
are qualitatively different: set (1) has asymmetrical structure with respect to Q
in the sense that rotation manifests itself only in the third and fourth equations
but not in the first and second ones; set (2) has symmetrical structure with re-
spect to Q because rotation manifests itself in all four equations. As a conse-

quence, the well-known substitutions E — ¢B and B ——-cE (duality

transformations) are possible only in system (2) but not in system (1).
One more additional detail: two corresponding systems of wave equations

for vectors E and B obtained in work [29] on the base of sets of Maxwell’s

equations (1) and (2) are also qualitatively different. The first system [which
was derived from set of Maxwell’s equations (1)] has the form

-
viE- L5, 2 01y.9)E - OxE] - 2V(Q-B) =0,
c” ot c‘ ot 3)
_,= 10°B 20, =5 = =
VB- -2 _— + = [(V-V)B-QxB]=0,
c? ot? 028'[[( ) ]

and the second one [which was obtained from set of Maxwell’s equations (2)] is
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-
viE-LOE, 2 01y 9)E - OxE] - 2V(Q-B) =0

C c ot @)
V2B 1B 220 B-QxB Q-E)=0.
Vv —C—2—2 C—Za[(v V) X ]+—V( )

From analysis of these expressions it follows that the structure of wave

equations for vectors E and B in first system (3) is asymmetrical with respect
to Q2, while the structure of such equations in second system (4) is symmetrical.

Again, as a consequence, the substitutions E—>cBand B—-c*E are pos-

sible only in set (4) but not in set (3).

So from position of laser gyroscope, after taking these circumstances into
account, we are standing before the problem of choice between systems of
Maxwell’s equations (1) and (2) [and, correspondingly, between sets of wave
equations (3) and (4)]. In this situation we have to formulate the following prin-
cipal question: which of the named two systems of Maxwell’s equations, (1)
or (2), is more suitable for application in the theory of ring laser gyro?

The concrete and reasonable answer to this question is not given in the lit-
erature ([1-28]) known to the author. So, in order to give the answer to it, — we
must accept (as instrument for selection) a special physical criterion. In this pa-
per, we propose the following one: analytical solutions of wave equations for

components of vectors E and B must automatically satisfy the corresponding
system of Maxwell’s equations on the base of which these wave equations have
been obtained.

So, the task of this paper is to give the answer to the named question on
the base of use of the proposed criterion.

In order to solve the task, let us consider the ring laser gyro (see, for ex-
ample, works [20, 26]) with a planar polygonal empty N -mirror resonator of ar-
bitrary shape with perimeter L and area A which provides generation of radia-

tion linearly polarized in the sagittal plane ( E = E, Z). In our calculations, after
taking into account Stokes' theorem, it will be simpler to consider such gyro as if
it has an equivalent hypothetical circular resonator of effective radius
p = 2A/L. The device uniformly rotates about its sensitivity axis 2 (which is
orthogonal to the meridional plane) with angular velocity Q, i.e., Q=Q7. The
gyro operates at central (of He-Ne active medium emission line) frequency o,
(wavelength 4, = 27 c/w,, wavenumber K, = @, /c = 27/ 4,). During the

device operation on preselected at initial moment longitudinal mode with very
large integer number q, the perimeter stabilization system of the gyro continu-

ously provides (by adjusting parameter o) the fulfillment of resonance condi-
tion 2z p = qA,.
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On the base of consideration of such ring laser gyro, we must: (a) simplify
and rewrite two systems of Maxwell’s equations (1), (2) in scalar component
form using the more convenient for our task cylindrical coordinates p, ¢, and

Z; (b) obtain on the base of these two simplified systems of Maxwell’s equa-
tions the corresponding wave equation for transversal components E,, B, of
propagating in laser resonator electromagnetic waves; (c) find from this wave
equation the analytical solutions for quantities E,, B »» (d) substitute these solu-

tions into the first and second simplified systems of Maxwell’s equations and
check how they satisfy these systems. After that, the final conclusion must be
made giving the answer to the named question.

Two simplified systems of Maxwell’s equations for transversal
components of vectors E and B in cylindrical coordinates

For the above-mentioned ring laser gyro with a circular resonator of radi-
us p = 2A/L, vectors E and B may be presented in cylindrical coordinates in

the form E=E,z, B=B,p Where E, and B, are the transversal compo-

nents; Z and p are the unit vectors. Since we consider the simplest special

case of laser gyro rotation about its sensitivity axis Z when Q=0Q7, so
V = V@ where v= pQ, and ¢ is the unit vector.

Then, after introducing the more convenient for us longitudinal coordinate
s=pp (5=0,.,27p), in the approximation of plane waves
0G/op=0G/6z=0 (G =E, B), and under simplifying condition 27 p>>/,
(see section 4 in [30]) of infinitely small curvature of a circular axis contour of
laser gyro resonator (which always fulfils for modern devices with perimeter
more than some centimeters), — we may present the operator V in systems (1)
and (2) in the form V = @(8/6s). After that, the expressions for quantities E,
B, V, and V must be substituted into these two systems, and their projections
onto directions of unit vectors p and Z must be taken.

As a result, the first and second simplified systems of Maxwell’s equa-
tions (1) and (2) for wave transversal components E,, B, will have in cylindri-
cal coordinates correspondingly the following forms:

oB
%+?”:o, —%(Bp —Clz EZ)—Cizg(Eﬁva):o, 5)
and
0 Vv

oE,
+—(B,+—
s 8t( P2

Ez):07 (6)
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Simplified wave equation for transversal components of vectors
E and B. Its analytical solutions

A simplified wave equation for quantities E,, B, may be obtained direct-

ly from approximate scalar systems of Maxwell’s equations (5) and (6) by using
the standard mathematical approach (via differentiation). As a result, this equa-
tion in first and second cases will have the following form:

0°G 1 0°G 2v 0°G
—___+_ —

as?  c? ot?  c? osot
The same expression (in order to be sure about its correctness) may be ob-
tained directly from exact vectorial systems of wave equations (3) and (4) with

the help of substitutions E=E,z, B=B,p, Q=Qi, V=vg,

V =¢(0169).

Wave equation (7) must be solved with taking into account the boundary
condition G(s, t) =G(s+27 p, t) where 2z p=q4,.

Equation (7) as well as its analytical solution for quantity G = G(s, t) are
well-known in the literature (see, for example, work [8] and formulas (80)—(85)
therein). So, expressions for wave transversal components E,, B , may be con-
structed as

E,(s,t) = E,jcos(ot — K,S) + E,,cos(m, t + K, S),
B,(s,t) =B s cos(@t — K,8) — B ncos(w, t + K, 8),

where B, =E,j/C, oy = (1 - ey, @, = A+ Py, B=VIc=pQlc,
Ko =ay/c=2r14,.
Expressions (8) describe in mathematical form the lows of propagation of

transversal electromagnetic waves in a uniformly rotating resonator of the laser
gyro. According to (8), the difference @, = ®, — @, between frequencies of

counterpropagating in its resonator waves may be calculated by the well-known
(and experimentally confirmed with high accuracy) formula @, =My Q

0 (G=E,B,). (7)

(8)

where M, =87x A/ (4, L) is the so-called geometrical scale multiplier of the gy-
ro.
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Result of substitution of expressions for transversal components of

vectors E and B into the first and second simplified systems of
Maxwell’s equations

After substitution of expressions (8) for wave transversal components E, ,

B, into simplified system of Maxwell’s equations (5), we see that left-hand

sides of these equations do not equal zero. In other words, analytical solutions
(8) of wave equation (7) do not satisfy system (5) in the case Q = 0. This result
IS not acceptable for the theory of ring laser gyro because some doubts arise
about correctness of relations (8).

At the same time, after substitution of expressions (8) into simplified sys-
tem of Maxwell’s equations (6), we see that left-hand sides of these equations do
equal zero. That is, analytical solutions (8) of wave equation (7) do satisfy sys-
tem (6) in the case Q = 0. Such result is acceptable for the theory of ring laser
gyro because there are not any contradictions now between system of Maxwell’s
equations (6), wave equation (7) and its analytical solutions (8).

Conclusion

In the paper, using a linear in Q approximation, two basic well-known
systems of Maxwell’s equations (1) and (2) for electromagnetic field vectors E
and B in a uniformly rotating frame of reference are considered. The first sys-
tem was first obtained in work [1] on the base of use of the formalism of the
theory of general relativity, and the second one — in work [2] on the base of use
of the method of orthonormal tetrad in this theory.

In the approximation of plane waves 6G/8p=06G/éz=0 (G = E, B), and
under the condition 27z p>> 4, (which always fulfills for modern ring laser gy-
ros with perimeter more than some centimeters), these two vectorial systems of
Maxwell’s equations (1) and (2) are simplified and rewritten in cylindrical coor-
dinates p, @, and z in scalar component form, correspondingly, (5) and (6), in

order to find the lows of propagation of transversal components E,, B , of elec-

tromagnetic waves in a circular resonator of laser gyro in the case of its rotation
with angular velocity Q about sensitivity axis Z .

On the base of these two simplified systems of Maxwell’s equations (5)
and (6), the well-known wave equation (7) and its analytical solutions (8) for
quantities E,, B, are obtained. As a result of substitution of these solutions into
the first and second simplified systems of Maxwell’s equations (5) and (6), it is

revealed that they satisfy only the second one.
Taking into account the special criterion for selection proposed in sec-

tion 1, that analytical solutions of wave equations for components of vectors E
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and B must automatically satisfy the corresponding system of Maxwell’s equa-
tions on the base of which these wave equations have been obtained, — it may be
considered that simplified system of Maxwell’s equations (6) is preferable to
simplified system (5).

But simplified set (6), in turn, has been derived from original system (2),
while simplified set (5) has been obtained from original system (1). On this ba-
sis, the conclusion of the paper may be made that system of Maxwell’s equa-
tions (2) is more suitable for application in the theory of ring laser gyro than sys-
tem (1).
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