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ON THE THEORY OF THE ELASTIC BODIES COLLISIONS

Ua VY poboTi mochi/KyeThCsl IMHAMIYHA KOHTaKTHA 3ajada. 30Kpema, po3riisiia-
IOTHCS JIBa CIIOCOOM BU3HAUEHHS Koe(]ilieHTa BiHOBIICHHS, IO € IHTErPaIbHOIO
SHEPreTHYHOI0 XapaKTEPUCTHKOIO MPOLIECY yaapy.

[TokazaHo, 1m0 3HA4YeHHS IOIO KOeQIIi€eHTa, SKE OJEPXKAHO 3a HASIBHOCTI
BIUIMBY TIOBEPXHEBUX XBWIb Penest Oimkye 10 HOro 3Ha4Y€HHS, OTPUMAHOTO €KC-
MEPUMEHTAIHHUM IIISTXOM.

Ru B paGore mpoBoauTcs uccienoBaHME AMHAMUYECKON KOHTakTHOHM 3amauu. B
YJaCTHOCTH, PACCMATPUBAIOTCA JIBa criocoba onpeseneHus Ko3¢hduuneHTa Boccra-
HOBJICHMSI, KOTOPBII SIBJII€TCSI HHTETPAJIbHON 3HEPreTHUECKOW XapaKTepUCTUKOM
nporecca yaapa.

[TokazaHo, 4TO 3HaUeHHE ATOro KOA((UIMEHTA, MOJYyYCHHOE IMPH HAIUYAU
BJIMSIHUS TTIOBEPXHOCTHBIX BOJIH Penes Onmrke K ero 3Ha4eHUIo, MOJTyYeHHOMY JKC-
INECPpUMCHTAJIbHBIM ITYTCM.

Introduction

About 100 years ago G. Hertz advanced the theory of contact static inter-
action of elastic bodies and the collisions theory of such bodies as a secondary
result of the research in electrodynamics.

Experiments and theoretical studies within the elasticity theory do not
confirm the idea of I. Newton that the recovery coefficient in the elastic bodies
collision is equal to one. This is evident from the data included, as a rule, in all
textbooks on theoretical mechanics.

Both theories are among the most pressing problems of modern mechan-
ics. The evaluation criterion for those or other theoretical results is considered to
be, in particular, the recovery coefficient £ which is an integral energy charac-
teristic of the impact process.

Problem

The purpose of this paper is to supplement the results obtained by the au-
thors in the paper [2].

The theory of collisions of G. Hertz [1] is, in essence, a theory of the mo-
tion of a material point which is under the action of a nonlinear restoring
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force P . This dependence (nonlinearity) should be attributed to weak nonlinear-
ities, since the law of motion of a point and the quantities associated with it can
be approximated with sufficient accuracy by simple harmonic oscillation:

1

V, . 5 «
x=-%sinnt, n=_L. Yo .t =32. (1)
n T 23
mok>
Therefore
P =—cx=—mv,nsinnt. (2)

This circumstance is implicitly reflected in [2]. It applies a superposition
of the restoring force and the forces inverse in the direction of the force of iner-
tia. In addition to [2], we present two more elementary methods for estimating
the recovery coefficient for elastic bodies collisions.

Two ways to determine the recovery coefficient

1. The system of colliding bodies is replaced by a body of mass

L UL striking against a plate supported by a spring with a nonlinear rela-
my +m,

tionship between the longitudinal displacement of the plate and the force of in-

teraction P; between the body and the plate. Mass of the plate and the spring

will lead to the point of initial contact between the body and the plate and de-
note m, this mass is included in the movement at a time t =0 and is a source

of fictitious force acting on the plate and the spring, which was considered in
[2]. This force reduces the force of interaction between the body and the elastic
elementsat v, >0.

Its impulse
t —
[Fdt =muV,, —myVj. (3)
0

Since for particles of an impacted body, the initial velocity is zero and the
added mass m,moves with the body at the velocity of the body, then

t —
[Fdt =m,V. (4)
0
Applying the impulse theorem to the body being struck, we find:
t
mv, —mv, =myv,o(t) - [Psdt. (5)
0

This equality contains projections of vector sv, v, and P, on the axis
OX directed along the axis of the spring towards the initial movement of the
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body being struck. Here G(t) Is the Heaviside function. The first term on the
right-hand side describes the decrease in the interaction force with v, >0.
Let the moment the end of the strike be t~. Then [3]:

t

and from (5) we get:

Vi (t*):_minmo Voo & (t*): minmo - (7)

Increase of m, leads to increase of ¢, .
On the basis of [1] and [2] we get:
m
m-—m,

=132, m,=0,244m. (8)

Thus, the result following from the content of the book [1] allows to find
the reduced mass m, of the elastic elements of the system. Now we can consider

the motion of the striking body, including the influence of the inertial forces of
the elastic elements. We have:

mv —my, = j(t) P dt —myv, (t). 9)

Here P is the force of contact interaction between bodies. This force is
unknown. If we put

Pi=Fex=—Fs . (10)
then
* m
)= 1)
accordingly
* m 1
et)= = ~0,82.
®) m+m, 1244 (12)

2. The above assumption concerning force P is essential. Let us show
that the combination of the elementary theory presented here and the content [2]
lead to a significantly lower value of the recovery coefficient.
It follows from (5) and (9)
dv
mE:_pGer(i), m—==-P; , (13)

where

P(i) = mOVk . (14)
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This is taken into account when determining the sign of P(i), that there are

considered the forces acting on the striking body, and not on the elastic ele-
ments. Based on (13) and [2]:

§0) :m(%—%@) (15)
We find approximately true force of the interaction:
P:PG+P(i):m((ithk—2%Gj. (16)
Substituting (15) into (8) and taking into account that
Yk, = Ve, =Vo (17)
we get
(M+my)v=—m(vg —2vg). (18)
Hence:

(m+ mo)v(t*) = —m[vK (t*) —2vg (t*ﬂ .

Or on the basis of (6) — (7):

m
m+m,)v=—m|2— v, =-0,68mv,. 19
(m+m) { m_mj 0 0 (19)
Accordingly, on the basis of (12)
m N
v=-0,68 v, t )=0,556.
m+m, ° 8( ) (20)

This is the lowest value of the recovery coefficient from those found by us.

Conclusions

Apparently, the value specified in [2] should be preferred, since it has
been obtained with the least amount of additional assumptions.

The lowest value of the recovery coefficient eis close to the recovery co-
efficient for steel given in the textbooks of theoretical mechanics and mono-
graphs on the theory of impact [4], [5].
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