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RAYLEIGH WAVES ARISING IN THE COLLISION OF ELASTIC
BODIES AND HERTZ IMPACT THEORY GENERALIZATION
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Mertoto 11i€1 poOOTH € PO3BUTOK Ta JIEAKE y3araJlbHEHHs JIOKaJIbHOI Teopii Je-
(hopMyBaHHS NPYKHUX TUI MU IX NPIMOMY LIEHTpaJIbHOMY criByaapi. Po3risna-
€THCSI BIUIMB TOBEPXHEBUX XBUJIb, III0 CIPUYHUHAIOTHCS YAApOM, Ha IIPOLEC yaapy.
Ak Bigomo, me Peneli Bii3HA4aB, 1m0 1€ BIUIUB MOXKe OyTH CyTTeBUM. E poboTi
PO3IIISLIAIOTHCS CUIIM 1HEpLii, Ha pa3l BUKOPUCTAHHS IHTErpajbHOI'O IEePETBOPEH-
Hs Jlamumaca-KapcoHa 10 piBHSIHB €1acTOAMHAMUKHU, Y PE3yJbTaTl YOro JMHaMIdHa
3ajjaya Teopii MPY)KHOCTI MEPEeTBOPIOEThCA Ha KBa3UCTATHYHY 3aJady ILIOJ0 30-
OpakeHb IIyKaHUX BEJTUYHUH.

JlocnipKeHHsT MiHIMaJIbHUX BJIACTUBOCTEH KOHTAKTHOTO TUCKY BHSBHIIO, 11O
MiJ Yac yJapy BHUHHUKA€ CIEKTP YacTOT MOBEPXHEBUX XBWJIb, Ta HAHOUIbIIMIMA
BIUIMB Ha MPOLIEC yaapy Ha/laloTh XBUJII HalHIWKY01 yacToTu. KoedimieHT BiJHOB-
JICHHS Y IIbOMY BUIIA/IKy HAOJIMKAETHCS 10 KIIACUYHOTO.

[enbro 3TO# pabOTHI ABISETCS pPa3BUTHE U HEKOTOPOE 000OIIEHHE TOKAIBHON
Teopuu AepopMHUpPOBaHUS YOPYTUX TEJ MPU UX MPSMOM LEHTPAIBHOM COyAape-
Huu. PaccmarpuBaercst BIMSIHUE NMOBEPXHOCTHBIX BOJIH, BBI3BAHHBIX YIapOM, Ha
nporecc yaapa. Kak nzBectHo, eme Peneli oTmeda, 94To BIWSHHUE 3TO MOXKET OBIThH
CYIIECTBEHHBIM. B paboTe paccMaTpHBArOTCS CHIJIBI MHEPIIUU, TTOCPEACTBOM TPU-
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MEHEHHUSI K YpaBHEHUSM 3IJIACTOAMHAMHUKU MHTETpalbHOTO IpeolOpasoBanus Jlam-
naca-Kapcona, B pe3yibTaTte KOTOPOTo TUHAMUYECKAs 3a/ja4a TEOPHH YIPYTOCTH
CBOJIUTCSI K KBa3UCTATHUYECKOW 3a/1ade OTHOCUTEIHHO M300pakeHU MCKOMBIX Be-
JIMYWH.

HCCJIC[[OBaHI/Ie MHUHHUMAJIBHBIX CBOMCTB KOHTAKTHOI'O JaBJICHHUA IMOKa3aJlo, 4YToO
IIPH yape BO3ZHHUKACT CIIEKTP YaCTOT MOBEPXHOCTHBIX BOJIH, U HAaUOOJIbIIECE BIIUS-
HUE Ha MPOIIECC yAapa OKa3bIBAIOT BOJIHBI CaMOil HU3KOM dacToThl. Koaddumment
BOCCTAHOBJICHHS B 3TOM CJIy4ae OJU30K K KIIACCUYECKOMY.

Introduction

The purpose of this work is the development and generalization of the lo-
cal theory of elastic bodies deformation during their direct central collision. An
issue of the surface waves influence caused by the impact on the impact process
Is considered. As it is known, Rayleigh noted that this influence could be signif-
icant.

Problem statement and method solutions

Let us turn to the collisions theory of solids and consider the H. Hertz the-
ory of bodies local deformation under the impact (1). Only local deformations
are taken into account in Hertz theory, the rest deformations are ignored. Mean-
while, it is not obvious that the transverse and longitudinal oscillations, occur-
ring during the bodies collision, do not significantly affect the propagation of lo-
cal stresses and deformations. Hertz proceeded from a simplified mechanical
model of a system consisting of undeformed solids separated by a deformable
"gasket." "Gasket" compression o determines the convergence of the centers of
inertia of colliding bodies. The functiona satisfies the equation

— mlmZ

= ! (1)
m +m,

where P — contact force, m, — solids’ masses.

The dependence between o and P is established from the solution of the
static contact problem, i.e. with the use of the Lame equations with excluded in-
ertia forces. We have:

mo =—P;

2
o =kP3. ()

Hertz did not take into account the inertia forces of the deformed bodies
elements. However, there are sufficiently convincing proofs of the need to con-
sider the local forces of inertia arising during elastic bodies collision (2). We
consider the inertia forces by applying the Laplace-Carson integral transfor-
mation to the equations of elastodynamics, as a result of which the dynamic
problem of the elasticity theory reduces to a quasistatic problem with respect to
the images of the unknown quantities.

According to Hertz hypothesis in the Lame equation
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o

w20 + (h + p)graddivl + pF = p ‘;Lj | 3)
-
the forces of inertia p 2 and mass forces pF are not taken into account. In
the image space, this equation corresponds to
uvVU* + (A +p)graddivu* =0. (4)

The mechanism of integral transformation makes it possible to find a dif-
ferent meaning in this transition. The equation (3) is transform into the image
space

uv2" + (. + w) graddivl” + p(F" + pU, + pU, — p2U*) =0. (5)
From the equation (5), the equation (4) can be obtained by setting
F +pU, + p°U, - pU”" =0. (6)

In the space of originals, this corresponds to the introduction of fictitious
-

forces F =p . These forces are an additional "source of energy"”. This be-

atZ
comes clear when determining the recovery factor: in this case it exceeds unity
(3), which is obviously impossible.

Equation (4) is identical to the Lamé elastostatic equation. Applying the
integral transformation to the kinematic contact condition and solving the equa-
tions of the quasi-static contact problem in the image space, we get the correla-
tion

2
o =kP*3. (7)

It should be emphasized that the equation (7) is not the result of the La-
place-Carson transformation of the nonlinear correlation (2), but it is a nonlinear
consequence of the linear equations of the elasticity theory in the image space.

It is necessary to clarify the analytical formulation of the problem. For
this, a well-known method of integrating the elasticity theory equations indicat-
ed by Somilyan (the theorem on the reciprocity of work) can be applied.

The first or real state of the body is defined by the equation

UVA/* + (L + p) graddivV — ppV " =0, (8)
obtained on the basis of (4) under the assumption
F'=0, U,=0, U*:%UO—\T‘. ©)
The second or auxiliary state is determined by the equation
UVAW* + (A + p) graddivwW * =0 (10)

with excluded forces of inertia, as well as boundary and initial conditions.
The integral equations obtained on the basis of the reciprocity theorem are
as follows
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Vi (M, p) =W, (M,p) —pP? [[[ 3Gy, @MV, (QP)dVg, k=123 (49
(v) I
An approximate solution of this system allows us to find the local com-

pression image o, in the form.

9, %P’ 9 %P2 )| -
1- A4 +—2—|1--2 +

n°+ n“+p (12)
+%(U3%) +U2),
Let us put the dimensionless parameters
1 1
VE ONO) V5
p=q——,; nN=v—5. (13)
5k5 5k5

In the space of originals, this corresponds to the introduction of dimen-
sionless time

gl

V
T=t——
msk>®
Then
* i VZ 2
a’(q) =k*(q)P 3 +K(— ° )5 (14)
where

. 9 w9’ 9, wa’
k (q)=k|1- +18 (1)1 - 9, 28 (2)2
L7224 g vi+q?

The function k™(q) contains two undefined functions 5 and the oscilla-

tion frequencies that occur upon impact. These indefinite elements show that
formula (15) covers a significant part of the consequences of the Lame equa-
tions. To find one of the possible choices of the function k™(q), let us turn to the
surface waves theory caused by the collision of elastic bodies (4).

For bodies bounded by surfaces of revolution, the kinematic condition for
bodies contact has the form

W(M,t)ﬂﬁ(M,t):oc(t)—|:A+%£g%] }rz. (16)

V - the vertical component of the displacement vector is determined by the
equation

(15)
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cosmt

V =(MEe™ + Nke ™) |0(Kr){ (17)

sinot
containing unknown parameters M, N, &, n, k, o (amplitude and frequency
characteristics arising from the impact of Rayleigh waves). From the conditions
of the absence of additional stresses on the surfaces of bodies, the correlations
between these parameters follow (4). Solving the equation (16) in the space of
images, we find

cin_els B @ B g %
Q2+q2 Q2+q2
Here
) 10 OO 60
B:ZK ME+ Nk |.
Thus, from the surface waves theory we have
1
k:(q):k 1-— 2q N 2q ' (19)
AO° o A@T
Q+q Q+q
Identifying the indefinite elements in the equations (15) and (19)
g . . %) M 0)? _
—y, with — and v with Q , we find
9, +39, A
2
ag(q)=kiP"2, (20)
where
ki(q)=kl1-=——2 =23 | (21)

A2 AR
Q +q Q +q
Here the index R shows the presence of Rayleigh waves caused by impact.

If this identification is not made, then we get
2

o () =k" (q)P"?, (22)
where



Mexamnicka

enemenmiae

129
KOHCmMpPpYKUYIU

k*(q):k 1— l9’1 XIqZ _ l(?'2 X;qz %
9 +9, (1% 2 9 +9, (2% 2
vi+Q v+q
1 (23)
1) (2) 3
B ¢ B ¢
XNl ——
A Q@ A (2)
Q +q Q +q
Conclusions

The research of the minimum properties of the contact pressure showed
(4) that upon impact a spectrum of surface wave frequencies arises, and waves
of the lowest frequency have the greatest impact on the impact process. The re-
covery coefficient in this case is close to the classical one, €= 0,68 (5).
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