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MATHEMATICAL MODEL OF THE AUTOMATIC CONTROL SYSTEM
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IN THE PROBLEM OF GUARANTEED ACCURACY

Po3mnsimaeTscsi MOCTAaHOBKAa Ta PO3B’SI3aHHS MaTeMaTHYHOI 3ajadi CHUHTE3Y
cucremMu aproMarnyHoro kepyBaHHs (CAK) rapaHTOBaHOi TOYHOCTI TIpHU
HEBU3HAUCHUX 30ypEeHHSAX 3aCTOCYBAHHSAM MIAXOAy OOEpPHEHOI  JAWHAMIYHOI
cucremu. Ha HeBu3HaueHi 30ypeHHs] HE HAKJIAJalOThCS HisIKi OOMEXEHHS, a cami
30ypeHHsT MOXyTh OyTtu noBimpHHMH. [lokasana mpouenypa ¢GopMyBaHHS
crpykrypu CAK rapaHTOBaHOI TOYHOCTI, sika 3a0e3redye 30epekeHHS SKOCTi
(criiikocTi Ta sKocti mepeximHoro mporecy) CK mpu xommeHcarii 30ypeHb, Ta
0COOJMBOCTI II€T CTPYKTYPH. 3alipONOHOBaHUH crioci® popMyBaHHS KOPUTYIOUOTO
BIUIMBY IS KOMITEHCAIil [ii 30ypeHb K (YHKIII0 HAOIMKEHHS 3MIHHOI CTaHy
CAK 110 rpaHwuiii 10mycTUMOTo 3Ha4eHHs. Briepie mokaszaHo, 1o Takiid CTPYKTypi
CAK rapaHTOBaHOT TOYHOCTI BIJIIOBi/Ia€ HOBA MaTeMaTHYHA CTPYKTypa — anreopo-
mudepeHIianbHe pIBHAHHA (IS CUCTEMH 3 OJHIEI0 CTENEHI0 CBOOOIM), ado
crcTeMa TaKUX PiBHSHB (U1 CHCTEMH 3 JIEKIJIbKOMa CTETICHSIMHU CBOOOIN).

The formulation and solution of the mathematical problem of the synthesis of
an automatic control system (ACS) of guaranteed accuracy under uncertain
disturbances using the inverse dynamic system approach is considered. No
restrictions are imposed on uncertain perturbations, and the perturbations
themselves can be arbitrary. The procedure for forming the structure of the ACS
with guaranteed accuracy, which ensures the preservation of the quality (stability
and quality of the transient process) of the ACS during compensation of
disturbances, and the features of this structure are shown. The proposed method of
forming a corrective influence to compensate for the effects of disturbances as a
function of the approximation of the ACS state variable to the limit of the
permissible value. For the first time, it is shown that such a structure of ACS with
guaranteed accuracy corresponds to a new mathematical structure - an algebraic
differential equation (for a system with one degree of freedom) or a system of such
equations (for a system with several degrees of freedom).

Introduction

Creation of stabilization and control systems remains an important task of

precision instrument engineering. This is due to the wide scope of application of
such systems. At the same time, the issue of development of stabilization
systems was reduced to the synthesis of systems for specific input influences
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and in given operating conditions [1 — 5]. Providing the necessary output signal
under various influences makes it possible to design universal systems [6].

The problem formulation

Let us consider the possibility of generalization and mathematical
formalization of the problem of synthesis of an automatic control system of
guaranteed accuracy under uncertain disturbances. Let us determine the
mathematical structure of the problem of synthesis of the automatic control
system of guaranteed accuracy and the mathematical structure of the problem of
forming a corrective influence to compensate for the action of disturbances to
fulfill the condition

V< Vag » (1)

where y — the state variable of the control object (output signal),

Va.a — admissible value of the object's state variable under the action of a

disturbance.

We consider that current disturbances are limited only by their magnitude,
which is determined by the possibility of their compensation by executive
bodies of the ACS.

Let’s consider the formation of a corrective action on the control object as
a function of the approximation of the state variable to the limit of the
permissible value.

Let’s build a control system that would correspond to the equation

W(y)
O(y)=—-—"—g,
(») K )
where @(y - control system transfer function according the disturbance,
W(y) - control object transfer function, K(y) - the coefficient of the
corrective effect, depending on the initial value, g-is the
disturbance.

Algorithm of formation of the control system structure

Ensuring the quality of the control or stabilization system in many cases
requires achieving a certain speed and required accuracy.

Consider a closed control system with a control object W, and feedback
loop W, (Fig. 1), where y(t) — the state variable of the object (adjustable value),
g(t) — disturbance, y. — control.
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Fig. 1. Control system

No requirements are imposed on the control object. It can be an object of
any structure, including a pre-synthesized optimal system.
We will take the transfer function of the control object as

Zzlaisi | 3)

where K, — transfer coefficient of the control object,
>a;s' - its characteristic polynomial.
The optimal transfer function of the regulator is found in the form (4) [7]:

Wy

W_(s) = 5123: bs' =sTH(s) =5"H,,(S), (4)

i=0
where bisi =H_(s)=H,(s) — the characteristic polynomial of the regulator,

optimal in terms of speed and accuracy.
The control transfer function accepts the value

3 .
W Kes™D s
Wyy°(3)=1+\jv\7v B R (5)
e M as'+KstY bs'
i=0 i=0
Provided that
Kob, >>a,

for i = 1...3, the control transfer function accepts the value Wyyc (s) ~1.
The transfer function according the disturbance will have the form
WO
1+WW, (6)
In accordance with (4) the closed system with transfer functions (5)
and (6) will be optimized for speed and accuracy [7].

Wyg (s) =
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In optimal systems of guaranteed accuracy under conditions of arbitrary
disturbances, the required predetermined accuracy can be provided by
introducing an additional link with a transfer function W,, which is the inverse

of Wyg . It is easy to see that in order to achieve structure (2) by perturbation, it
IS necessary to provide

W, = KW, ™. (7)

Thus, the feedback controller (control law) must be a K-fold inverse
dynamic model of the control object W, [8 ... 10]. Expressions (6) and (7) are
valid for objects that can have an inverse dynamic model. So,

W,(s) =[ W7 (s) ]

In accordance with (7) and fig. 1, we get a structural diagram of the
disturbance control system to ensure the specified guaranteed accuracy (fig. 2),

-1

where y(f) — controlled state variable, g(f) — disturbance, Wyg — optimized

transfer function of the control object (fig. 1) according to the disturbance, K — is
the adjustment coefficient.

git)

y(t)
Wa H K Mr“:}'g >

w

Fig. 2. Control system to ensure guaranteed accuracy

For this system, we will obtain the transfer function of the stabilization
system according the disturbance

W, ()

ng (S) = l+ K s (8)
and
Wyg
y(t) = T K g(t) . 9)

It follows from expressions (8) and (9) that it is possible to reduce the
output signal of the system from the action of the disturbance by 1+K times,
without changing the properties of the pre-synthesized control system. Thus, if
the coefficient K is formed as a certain function of the state variable of the
system during its observability (output signal), it is possible to adjust the value
of the state variable under the action of a disturbance and ensure that it does not
exceed the predetermined value (1).
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Mathematical formalization of the synthesis problem

Based on (9), the mathematical model of the control system for the
synthesis of the system with guaranteed accuracy can be represented in the form

YO[L+K W, (5=2)=90). (10)

It is not difficult to see that the structure of equation (10) is a new class of
equations that can be called algebraic differential nonlinear equations. It can be
argued that a control system corresponding to structure (10) will be stable and
feasible if:

— acontrol object is stable W, .
— the algebraic polynomial K(y) is positive for all y(t).

The specific form of the polynomial K(y) can take into account the
possibility of its absence (K(y)=0) at time intervals where there is no external
influence, or such that the condition is not violated (1) |y|< V.

The obtained structure (10) of the control system allows to study the
accuracy of control under the influence of arbitrary disturbances and the selected
structure of the control coefficient.

Mathematical simulation

To investigate the effectiveness of the introduction of the adjustment
coefficient in the inverse dynamic model of the control system to ensure the
specified (guaranteed) accuracy, we will conduct mathematical modeling of the
dynamic system (10) for different structures. We will take the control object for
modeling in the form (3).

In Fig. 3 shows the response of the system to constant disturbances of
various magnitudes in the absence of an algorithm for ensuring control accuracy.
The magnitude of the error is proportional to the magnitude of the disturbance.

T T T T

Fig. 3. Response of the system to various disturbances (g, 2g, 32)
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Having accepted the permissible value of the output signal y,, = 0,4, we
see that the system exceeds it for perturbations of 2g and 3g.
Let the adjustment coefficient be chosen in the form

K:;, and K= L

yad _|y - eYad_M '
Reaction of the system to a constant disturbance g at y,;, = 0,4 shown
in Fig. 4.
Fig. 4 shows the efficiency of applying the guaranteed accuracy
algorithm. The efficiency of the algorithm can be increased by forming the

n
adjustment coefficient in the form K = % and K= T (Fig. 5).
yad _ y e ad

T T T T |

Fig. 4. Output signal of the system without (K=0) and with adjustment
coefticients

We can see from Fig. 5, that the use of the function for the

gVa —y|

formation of the adjustment coefficient is more effective. The response of the
system to disturbances of various magnitudes is shown in Fig. 6, with random
disturbances of the ‘white noise’ type — in Fig. 7. with harmonic disturbances in
a wide spectrum of frequencies - in Fig. 8.



40
Mexanika 2ipocKoniunux cucmeum

0.06

n=1

005

0.04 N S S

0.03 |

0.02 I

0.01 |

-0.01

b)
Fig. 5. Dependence of the output signal on the numerical value of the
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Fig. 6. Output signal of the system at different values of the disturbing
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Fig. 8. Amplitude-frequency characteristics of the system with and
without the accuracy guarantee algorithm

The simulation results (Fig.4 ... Fig. 8) show the effectiveness of the
proposed method for the synthesis of ACS with guaranteed accuracy. The values
of the system state variable do not exceed the permissible value. The variability
of the selection of the functions of the adjustment coefficient and the values of
its numerical coefficients makes it possible to create universal ACS’s with a
given guaranteed accuracy.

Conclusions

The problem of mathematical formalization of the synthesis of a
guaranteed-accuracy ACS under uncertain disturbances using an inverse
dynamic model, which allows investigating the properties of an arbitrary
structure SAC under various control algorithms, has been solved.

The proposed method of forming a corrective influence to compensate for
the effects of disturbances as a function of the approximation of the ACS state
variable to the limit of the permissible value.

The procedure for forming the SAC structure with guaranteed accuracy is
shown. It is demonstrated that the structure of the algorithm of guaranteed
accuracy ensures the preservation of the quality (stability and quality of the
transient process) of the ACS during the compensation of disturbances.



43

Cucmemu ma npoyecu KepyeaHH:

10.

References

Shin Yung C. Intelligent Systems: Modeling, Optimization, and Control (Au-
tomation and Control Engineering) /C. Yung, Shin, Chengying Xu. // Auto-
mation and Control Engineering. 30. — CRC Press, 2008. — 456 p.
Sushchenko O. A. Approach to design of robust systems for stabilization of
unmanned aerial vehicles equipment, in Proceedings of the 6th World Con-
gress ‘Aviation in XX-st Century’ ‘Safety in Aviation and Space Technolo-
gies’, vol. 2, p. 3.5.1-3.5.15, Kyiv, Ukraine, September 2014.

Hecmepenko O. I. Po3paxyHOK 1 MpOEKTyBaHHs TripocTadiiizatopiB  /
O. I. Hecrepenxko, A. B. llleBuyk. — Kuis: [Tomitexnika, 2003. 76 c.
Hecmepenko O. I. MatemaTtuuHi MOJiel TipocTaliiizaTopa 3a pi3HUX pe-
xuMiB roro podotu// O. 1. Hectepenko, JI. M. Puwxxkos, B. C. Ocoxin / Me-
xaHika ripockomunux cuctem. -2020. —-Ne 40. — C. 5 - 11.

Pazdrii O. Two-level signal processing of vibroacoustical signals for condi-
tion monitoring of complex rotary systems, // O. Pazdrii, N. Bouraou /
Proc. of NTSP (2018), p. 164-168.

36pyybkuu O. B. AfanTUBHUN alTOPUTM YIIPABIiHHSA 13 33JJaHOI0 TOYHICTIO
Opd  HEBHM3HAYCHMX  30BHImHIX  30ypenusx  // O. B. 30pymbkuid,
O. C. Mimyk / [adopmartiiini cuctemu, MexaHika Ta ympaBiaiaas — 2014 —
Bun. 10 - C. 170-177.

Ky306xo6 H. T. MopanbHoe yrpaBiieHHe M HaOIIOJaloNe yCTPOICTBa.
/l H. T. Ky3oBkoB /Mocka: MammHoctpoenue, — 1976. — 184 c.

Kynyesuu B. M. Ynpapienue u ueHTU(UKAIUS B YCIOBUIX HEONPEIeeH-
HOCTH: pe3yJbTaThl U HepeuieHHble npobnemsl / B. M. Kynnesuu// Panuio-
eNeKTpioHH] 1 koM toTrepHi cuctemu. — 2007. — Ne 5. — C. 34-46.

36pyybkuut O. B. CuHTE3 CHCTEMH KEpyBaHHS TapaHTOBAHOI TOYHOCTI /
O. B. 30pyuskuii, A. O. IIpau // Hayk. Bicti HTYY «KIIl». — 2007. — Ne 5. —
C. 48-54.

36pyyvruit O. B. CucteMa aBTOMaTUYHOTO KEPYyBaHHS KBaJAPOKONTEPOM. //
O. B. 30pyuskui, O. O. Kiziubkuii, A. Kopnienko./ [ndpopmartiitHi cucremu,
MexaHika Ta  kepyBanHsi. — 2020. - Nel19. - C.99-108.
DOI: http://dx.doi.org/10.20535/2219-3804192018169621.



