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PECULIARITIES OF DEVELOPMENT OF THE

GENERALIZED FARADAY EFFECT FOR SPHERICAL AND

Ua

Ru

ELLIPSOIDAL RESERVOIRS

Knacuuna 3agaua @apazest mpo mapamMeTpuyHi KOJWBAHHS PIIMHA Y IWTIHAPH-
YHOMY pe3epByapi, 1o 3A1IMCHIOE TAPMOHIYHI KOJUBAHHS CTPOTO Y BEPTHKAILHO-
MY HamnpsIMKy. Y3arajdbHEHHS KiIacH4HOI 3amadi Dapanes 3MIHCHIOETHCS B TaKHX
Hanpsmkax. [lepine, pyx pesepByapa y BEpTUKAIIbHOMY HAIPSIMKY PO3IJISAIAETHCS
HE 3a 3aJaHUM 3aKOHOM, a SIK Pe3yJbTaT Jii TapMOHIYHOT 32 YaCOM BEPTUKAITHHOT
cuid. Jlpyre, OCKUIBKH BiiOyBa€ThCs MOTIEPEUHUN (TOPU30OHTAIBHUN) PyX PIAMHH,
JOTYCKAEThCS BIAMOBIIHUI FOpU3OHTANIBHUN PyX pe3epByapy. Tpere, posrisga-
€TbCS pe3epByap HeUWTIHApUYHOI popmu. UeTBepre, 3a7aua po3IIIAIa€ThCs B pa-
MKax HETIHIMHOT MOJielli CyMICHOTO PyXy CKJIaJ0BUX CHUCTEMH, 1110, 30Kpema, Mpo-
SIBJISIETBCSL Y 3MiHI BJIACHMX YacTOT. AHAJI3YIOThCS OCOOJIMBOCTI MOBEIIHKU CHC-
TEMHU.

Knaccuaeckas 3aJa4dya CDapaI[e;I O MMapaMCTPpHUUICCKUX KoJIEOaHMIX KHUIKOCTH B
MUJIMHAPUYCCKOM pE3CpPBYyape, COBCPIIAOIICM I'ApMOHUYCCKHUEC KoJIeOaHus CTpoO-
'O B BCPTUKAJIBbHOM HaAIIPpAaBJICHUU. O606H.[€HI/I€ KJIACCUYECKOM 3ajauu dbapa,ue;l
BBIIIOJIHACTCA B TaAKHUX HAIIPABJICHHAX. BO'HepBHX, ABUIKCHUC PE3CpPBYyapa B BCP-
TUKAJIbHOM HaAIIPpaBJICHUHU PACCMATPHUBACTCA HE 3a 3alaHHBIM 3aKOHOM, a KaK pcC-
3YyJbTaT JercTBUs FapMOHquCKOﬁ BO BpPCMCHU BepTI/IKaJIBHOﬁ CHJIBI. BO'BTOPBIX,
MOCKOJIBKY MMPOUCXOJUT MOIIEPEUHOC (FOpI/I3OHTaJ'IBH06) JABMOKCHHEC XXUIKOCTH, 10-
IIYCKACTCA COOTBETCTBYIOIICC T'OPHU30HTAIILHOC ABUXKCHUC PE3CPBYyapa. B'TpeTBI/IX,
paccMaTpuBacTCA pE3CPBYyap HeHHHHHHqueCKOﬁ (I)OpMLI. B"IGTBepTBIX, 3azada
paccMaTpuBaCTCA B paMKax HEJIMHEWMHOM MOJIEIN COBMECTHOTO JBHUKEHHS COCTaB-
JIAIOIUX CUCTCMBI, YTO, B YaCTHOCTH, MPOABIISICTCA B MU3MCHCHHUU COOCTBEHHBIX
4acCToOT. AHaJ'II/I3I/Ipy}OTC5{ 0COOCHHOCTH MNOBCACHUSA CUCTCMBI.
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Introduction

The objective of the present article is to show that the use of results of the
classical Faraday problem for prediction of the dynamical behavior of rockets
with liquid fuel undel longitudinal vibrations can lead to an erroneous result.
First, the classical Faraday problem, which is aimed at a showing of the mecha-
nism of parametric oscillations, is far enough from the statement of the problem
about longitudinal oscillation of rockets. Since rocket motion in space is not
constrained, the problem must be considered in the combined statement without
the use of given law of motion of either one or another component. The main
reason of this consists in the considerable difference of normal frequencies of
motion from their partial values when only the independent motion of the sys-
tem components is considered. For real ratio of masses of the structure and lig-
uid, this difference can be about 50-70 %.

Modeling of the system behavior is done within the framework of the
nonlinear model [1], where the combined motion of the system under longitudi-
nal harmonically changed in time loading is considered. Before this model was
separately verified on a number of problems with reservoirs of noncylindrical
shapes and for the non-classical versions of the Faraday problems for cylindrical
reservoirs. The problem is analyzed mostly from the generation of the transver-
sal motion of the system due to longitudinal loading since it can cause deviation
of the system from the prescribed trajectory.

Mathematical model

A mathematical model of the system is constructed based on the problem
formulation following the Hamilton-Ostrogradsky variational principle with pre-
liminary satisfying of all kinematical boundary conditions and the solvability
conditions of the problem. This method and all required denotation is described
in detail in [1]. Finally, the model is reduced to the system if resolving equations
relative to the variables a., i. e., amplitude parameters of excitation of the corre-

sponding normal modes of sloshing and ¢, — amplitude of displacement of the

reservoir in the corresponding directions. This system of variables corresponds
to the number of systems degrees of freedom, therefore, it is the system of min-
imal dimension.
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This system includes the coefficient, which are computed as quadratures
from the normal modes of oscillations and geometrical characteristics of the res-
ervoirs. In addition here M, is the mass of liquid, M, is the mass of the reser-

voir, p is liquid density, g is the free-falling acceleration. For numerical exam-
ples we take into account 10 normal modes of sloshing, longitudinal ¢, and
transverse e, motion of the reservoir, the ratio of masses of reservoir and liquid
was accepted 0,2.

(2)

Numerical examples

Let us consider the process of combined parametric and forced oscilla-
tions of a liquid free surface under longitudinal tracking force, which is changed
according to the linear law with doubled normal frequency of liquid oscillation
relative to the first antisymmetric normal mode. We underline that this the nor-
mal frequency, but not the partial one mostly used in the study of longitudinal
oscillations of rockets with liquid fuel. Comprehensive analysis of the develop-
ment of liquid sloshing [2] shows that parametric mechanism of development of
liquid oscillations is accompanied by the forced mechanism of oscillations,
caused by displacement of the liquid mass center with respect to the point of ap-
plication of the longitudinal force. Therefore, there are no domains of frequen-
cies, where the longitudinal oscillations of the reservoir will not cause the in-
crease of sloshing oscillations. However, only in a vicinity of doubled normal
frequency we observe manifestation of the parametric oscillations.

For numerical examples, we consider small initial perturbation with re-
spect to the first normal mode (2% of the radius of the reservoir) for two types
of reservoirs. The first case corresponds to the spherical reservoir with the filling
depth H =0,5R (R is the radius of a free surface of the liquid). The second case

corresponds to the ellipsoidal reservoir compressed in the vertical direction with
the semiaxes a, =2 and b, =1. Fig. 1 and fig. 2 show the development of li-

quid elevation of the reservoir wall in time and transversal velocity of motion of
the reservoir in time correspondingly. Fig. 3 and fig. 4 show the same results ob-
tained in the case of the ellipsoidal reservoir. For ellipsoidal reservoir, semiaxes
are 2R (relative to the horizontal direction) and R (relative to the vertical direc-
tion), the filling depth is H =0,5R.
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The results show that after three-four periods of liquid oscillations slosh-
ing amplitude considerably increase due to the manifestation of two mecha-
nisms. The first one is connected with the parametric mechanism, which is pecu-
liar for the classical Faraday problem. The second mechanism is connected with
forced oscillations and it takes place only in the case when the transversal mo-
tion of the reservoir is present. It is caused by the mass displacement in the sys-
tem due to asymmetric elevation on a free surface, which promotes the genera-
tion of the moment, caused by vertical force.
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Fig. 1. Elevation of liquid on the reservoir wall
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Fig. 2. Velocity of the transversal motion of the reservoir
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Fig. 3. Elevation of liquid on the reservoir wall

As for transversal motion of the reservoir, it increases intensively and af-
ter certain time oscillations of the reservoir obtain systematic drift from the zero
position. Practically the same effects are observed for the ellipsoidal reservoir,
however here the horizontal drift of the reservoir from its initial zero position is
weaker. In both cases, modulation of oscillations of a free surface and velocity
of the reservoir is manifested. This result is confirmed by numerous experiments
connected with liquid sloshing under harmonic excitation of the reservoir mo-
tion. In contrast to the general properties of modulation, observed for transversal
excitation of the system motion, here an irregular period of modulation is ob-
served. Most probably this is caused by the impact of two different mechanisms
of development of oscillations, which have two different characteristic frequen-
cies, i.e., normal frequency of the first normal mode and its doubled value.

0.8

'0.8 T I T I T I T I
0 10 20 30 40

Fig. 4. Velocity of the transversal motion of the reservoir
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Conclusions

The article includes further complication of the classical Faraday problem
about parametric oscillations of the reservoir with a free surface liquid. In con-
trast to the classical problem, we consider two variants on non-cylindrical
shapes of the reservoir. Oscillations are promoted due to not kinematic excita-
tion of the reservoir vertical motion but it is caused by the action of a longitudi-
nal force. The transversal motion of the reservoir is not constraint. Therefore,
the problem is considered within the framework of the combined problem
statement. Some general properties of wave generation and transversal motion
of the reservoir are analyzed.
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